Abstract. Symmetries of generalized gravitational actions, yielding field equations which typically involve at most second-order derivatives of the metric, are considered. The field equations for several different higher-derivative theories in the first-order formalism are derived, and variations of a generic set of higher-order curvature terms appearing in string effective actions are studied. It is shown that there often exists a particular set of solutions to the field equations of pure gravity theories, consisting of different combinations of curvature tensors, which satisfies the vacuum equations with cosmological constant. Implications of generalized symmetries of the field equations derived from the superstring effective action for the cosmological constant problem are discussed.
Introduction
Recent interest in generalized gravitational actions [1] [2] [3] has arisen from the appearance of higher-derivative curvature terms in superstring effective actions and the extension of the Hilbert-Palatini formalism using different choices of canonical variables for the phase space of general relativity [4] [5] [6] . These generalizations have been studied with the understanding that they will allow a more flexible interpretation of gravity at the level of the classical action and its quantization, while still retaining the framework of the Einstein gravitational field equations in the classical limit. One of the consequences of this approach is that additional symmetries, besides diffeomorphism invariance, can be incorporated, especially in the context of superstring theory.
These symmetries can be used to derive new results about the cosmological constant.
Although the cosmological constant problem, as it is presently stated [7] [8] , concerns the contrast between the sum of zero-point energy densities of fields in elementary-particle Lagrangians at the symmetry breaking scales and the observed value of the vacuum energy density, the classical version of the problem, initially arising in the replacement of de Sitter space by the Friedman-Robertson-Walker universe [7] , can be extended to fitting all realistic cosmological models with metrics corresponding to Λ ≃ 0. This version of the problem, relevant at macroscopic scales, cannot be solved using classical techniques applied to the standard Einstein-Hilbert action, and quantum fluctuations of the metric at Planck scale do not necessarily determine the cosmological structure at large scales.
The classical version of the cosmological constant problem can be studied within the context of a generalized gravitational action. Generalizations of the derivation of the field equations from the Einstein-Hilbert action shall be considered from several different viewpoints. First, variations of the standard action with respect to symmetric and nonsymmetric metrics shall be calculated, and the distinctions between the two cases will be noted in the version of √ −g with respect to g µν . This is especially relevant when it is adapted to the tetrad formalism. Second, an action, initially written in a different form from the standard action, is used to derive a set of field equations which limit the size of the cosmological constant when there are gravitational perturbations. Third, higherderivative actions, particularly those which arise in string theory, are used to place the cosmological constant in a different setting. For example, it is recalled in §5 how the vacuum Einstein field equations with non-zero cosmological constant can be derived from an action containing higher-order curvature terms but no cosmological constant term. It is also noted how the additional symmetries associated with string theory have been used to shift the value of the cosmological constant. The concept of the most general class of symmetries of the gravitational field equations is developed further in §7 to demonstrate the special place of the Λ = 0 sector in the space of solutions to the field equations.
Scale transformations are then used to provide a resolution to the classical version of the cosmological constant problem. Finally, the results in this paper are discussed in the context of other attempts to resolve the quantum version of the cosmological constant problem.
Symmetric and Non-Symmetric Metric Variations of the Action
As the field equations derived from the action 1 16πG
depend on the variation of the determinant g, the expansion into minors
with [M (g)] µν being the determinant of the 3 × 3 matrix excluding the µ th column and the ν th row, can be used to obtain the term proportional to
includes the entry g νµ . If the symmetry of the metric is not imposed, then g µν and g νµ may be regarded as independent variables [9] [10] [11] . Under these conditions, [M (g)] µν is independent of g µν and δg 
As
it follows that δg δg µν g µν =g
when δg µν is non-symmetric, and δg δg µν g µν =g
when δg µν is symmetric and g
The symmetry of the background metric is sufficient for the equality of In the first-order formalism, variations of the gravitational action with respect to both g µν and Γ ρ µν are considered, so that the connection is shown to be Levi-Civita and the field equations are derived for the metric. The restriction to the symmetric background is also required for the variation of the Ricci scalar. Defining the curvature tensor by parallel transport around the integral curves of two independent vector fields, it can be shown that 
where
is the torsion tensor. Since
it will vanish for the symmetric background and
As the integral can be transformed to one associated with a surface integral, which is zero when δg µν and its first derivatives vanish at infinity, and the variation of the action
for non-symmetric variations δg µν . The restriction to the background metric g
• µν implies that the tangent vector in the directions of the non-symmetric variations δg µν vanishes at the solutions of the field equations
For symmetric variations δg µν , the torsion tensor in equation (9) is zero, but the extra term in equation (7) contributes to the variation of the action as
where [M ′ (g)] αν,νµ is the determinant of the 2 × 2 matrix excluding the α th and ν th rows and the µ th and ν th columns. Since
for symmetric variations δg µν , δg δg µν g µν = g
so that δg = g · g µν δg µν , and the variation of the gravitational action is again given by equation (12) . While the field equations remain unchanged, one may note the factor of two implicit in equation (16 This property of the variation δg is also evident when components other than those obtained by interchange of the indices are dependent. When
δg δg 00 α=1,ǫ=0
Similarly, if
while
consistent with the equality of δg and g · g µν δg µν .
In an alternative derivation of the field equations using the tetrad formulation of the [a]
[µ] (det e)
[a] = space − time index in the same numerical order as a
[µ] = tangent space index in the same numerical order as µ (23) which follows from the expansion of minors as it did for the non-symmetric metric. This nomenclature is being used to clarify the connection between the the tetrad and its inverse.
The inverse metric satisfies (e −1 )
a . Defining the matrix (e −1 ) to be (e 
Generalized Gravitational Actions in Two Dimensions
The coefficient of the g µν term in the field equations can be adjusted through the variation of a power of the determinant g with respect to a symmetric metric. In particular,
implies that
so that solutions of the equations
would represent extrema of the modified action.
By considering diffeomorphisms δg µν = 1 2 (ξ µ;ν + ξ ν;µ ), invariance of the modified action can be verified only for those transformations which preserve the condition of constant curvature, ξ µ R, µ = 0. In two dimensions, however, there always exists a conformal mapping from a metric on a Riemann surface to a constant curvature metric. Since an arbitrary diffeomorphism can be regarded as the product of a diffeomorphism of the type considered above and a conformal transformation, one might consider the existence of modified actions in two dimensions with conformal symmetry and restricted diffeomorphism invariance.
In particular, a function f(x) may be defined to be det(g µν ) at every point x on the mani-
Since ln f(x) is a scalar field, its covariant derivative is an ordinary derivative rather than the special derivative associated with a function of a scalar density √ g. Consequently,
is invariant under conformal transformations. Similarly,
However, the restricted diffeomorphism invariance of the action d 2 ξ g p R is broken by the additional term. The variation of the action (28) is
where use of the on-shell condition R µν = ∆ g ln f = constant, the variation will then be non-vanishing in general because R is not constant on this metric slice. For a restricted diffeomorphism satisfying R ;µ ξ µ = 0, the first term would only vanish if (∆ g ln f ) ;µ ξ µ = 0, which is a non-trivial constraint on ξ µ since ∆ g ln f has a gradient vector pointing in a direction different from the gradient vector of R. The vanishing of the second term in the variation (29) would lead to additional conditions on
Other possible generalizations of two-dimensional gravity, which have been considered in the literature, include f(R) theories [14] [15].
A Different Form of the Gravitational Action in Four Dimensions and Diffeomorphism Invariance
In four dimensions, the modified actions
q will yield equations of motion generalizing equation (26) for Λ = 0. By adding two flat dimensions to a two-dimensional manifold, and adapting the argument given above to four-dimensional manifolds, the lack
, the field equations will contain qR µν − pRg µν , which is not proportional to R µν − 1 2 Rg µν , and not covariantly constant. Thus, even under infinitesimal diffeomorphisms,
The form of the field equation (26) suggests that the addition of actions with different values of p could yield a variation involving (R µν − 1 2 Rg µν )δg µν after averaging of the coefficients of R µν and g µν . Since
the following equality holds for the variation
By setting
including relations for the variables {x 0 , y 0 , ..., x n , y n } corresponding to the higher order terms (ln(−g)) m , one obtains variations at each order in the Taylor series expansion that are of the form
The conditions (32) can be reformulated as . . .
Given values of y 0 , y 1 , y 2 , ..., y n , there will exist solutions of equation (34) 
x n only if n is infinite.
For an arbitrary infinitesimal diffeomorphism
Addition of the terms (33) at each order leads to a cancellation of the integrals containing Γ ρ τ ρ and leaves integrals of total derivatives which vanish when ξ µ tends to zero at spatial infinity.
Similarly,
and cancellation of integrals containing Γ ρ µρ to all orders occurs if
From the relations (37) , it follows that all of the cosmological constant terms in the field equations, resulting from the vanishing of the variations (33), are equal. The field equations then can be written as a single equation
The field equations (38) can also be derived from a simplified action using the identities (32) . The Ricci scalar terms can be combined since
The cosmological constant terms can be combined because
The solution to (40) is
so that the integral is
This gives
and the first and third terms cancel because
so that the standard action
is obtained.
Gravitational Perturbations and Modifications of the Action
The connection between the cosmological constant problem and general covariance of In a universe with radius of curvature 10 27 cm, the observational limit on the cosmological constant is 10 −54 cm −2 in units where = 1. Consider the Friedmann-RobertsonWalker metric
with a scale factor R(t) ∼ t 2 3 in the matter-dominated era and R(t) ∼ t 1 2 in the radiation-dominated era. Since
and
it follows that
in the matter-dominated universe and finiteness of the action in (31) leads to the conditions
whereas
in the radiation-dominated universe, so that
Thus, if there any values of y i less than Without any restriction on the coefficients x i and powers y i , arbitrary localized perturbations in the metric can be described by a sum of actions of the type }, so that the observational limits will again be satisfied by the terms x i Λ i for each i. Because of the restrictions on x i and y i resulting from infinitesimal diffeomorphism invariance, the action in (31) is no longer relevant in the description of localized perturbations. However, the overall effect of the finite action condition is sufficient to ensure that the large-scale cosmological constant should be set to zero even in the modified version of the gravitational action.
Non-zero values of Λ i , i = 0, 1, 2, ... are feasible over a finite region of the fourdimensional space-time (with the remaining volume being described by a zero cosmological constant) or for a closed universe, because a divergence in the action is prevented by the integration of a convergent sum ∞ i=0 x i y i Λ i over a finite four-volume. The inflationary universe [20] [21] provides the standard example of the introduction of a non-zero cosmological constant over a finite four-volume.
Gravitational perturbations have successfully been described by higher-order curvature terms [22] [23] . They have even been used to explain the density spectrum [24] . Nonlinear gravitational Lagrangians give rise to field equations which often have solutions that approximate solutions of the Einstein field equations and standard metrics such as that of de Sitter space have been shown to arise as an attractor in the space of solutions of higher-derivative gravity theories [25] .
f(R) Theories and other Generalizations
Another type of generalized gravitational action which leads to the Einstein field equations with cosmological constant is characterized by a function of the Ricci scalar [26] [27] [28] [29] . Viewing the Ricci scalar as a function of the independent variables, g µν , the metric and the Γ ρ µν , the connection, R = R µν (Γ)g µν , the variation of the action with respect to g µν gives
so that the field equations are
which has trace
If R = c i is a zero of this equation, then
the gravitational field equations with Λ = This technique can also be extended to functions of the Ricci tensor and Riemann curvature tensor. For example, if S = g µα g να R αβ (Γ) R µν (Γ) and L(g, Γ) = f (S) [30] , then the field equations are
The trace of this equation is
which has roots c
) . Substituting these values of S into (58) gives
Solutions of the equation
will also be solutions of (58).
The square of the Riemann curvature tensor can be used to construct a third type of action from which the gravitational field equations can be derived. Let
the field equations are
The zeroes of this equation c
) and the Riemann tensor satisfies
For a space-time with vanishing Weyl tensor, solutions of the field equations
will satisfy (64).
Higher-Order Curvature Terms in Superstring Effective Actions
The same method can be applied to higher-derivative actions obtained in string theory.
Graviton amplitudes in superstring theory can be used to deduce an effective action, which receives higher-order corrections at the three-loop level. At third-order in the inverse string tension [31] [32],
By subtracting a term proportional to the dimensionally continued Euler form L (4) [33] [34]
[35], a different combination of curvature tensors can be used in the action
The Euler-Lagrange equations of motion in the first-order formalism are then
The trace of equation (72) is
When the Weyl tensor vanishes, and R µν = 9 κ g µν , then Y = 4320 κ 4 and equation (74) implies that
so that the effective cosmological constant is − , and similar techniques can be used for the type IIB superstring and heterotic string. At O(α ′ ) for the bosonic string, the 4-graviton amplitude requires the existence of the R µνρσ R µνρσ term, but the R 2 and R µν R µν can be removed by a metric redefinition. It is preferable to choose the Gauss-Bonnet invariant R µνρσ R µνρσ − 4R µν R µν + R 2 so that ghosts do not arise upon quantization [33] . The Lovelock Lagrangians represent the only combinations of Riemann tensors which give rise to field equations containing at most second-order derivatives of the metric, and they are therefore necessary for the absence of ghosts. Although, at higher orders, there is a form of the effective action which consists of a minimal number of terms, additional terms besides those associated with the dimensionally continued Lovelock actions [40] seem to arise. These calculations have also not been performed beyond the order beyond which the Lovelock Lagrangians are no longer relevant. For example, the quintic Lovelock tensor has only recently been evaluated [41] . The higher-order Lovelock Lagrangian
only vanishes in ten dimensions when n ≥ 6, and it is zero in twenty-six dimensions when n ≥ 14.
The elimination of ghosts is conventionally achieved by removing all higher-order derivatives in the linearized equation for the spin-2 graviton field h µν , so that the h n h, n ≥ 2 terms are cancelled using the dimensionally continued Gauss-Bonnet terms [33] [42] [43] and the graviton propagator is not modified by extra powers of the momenta. The interaction terms arise at O(h n ), n ≥ 3 in the expansion of the effective action. It has been established that there exists a field redefinition that removes the higher order derivatives h n h, n ≥ 2, from the effective action [43] but does not affect the interaction terms. Since a more arbitrary form could be assumed for the interactions, other types of higher-derivative curvature terms are, in principle, allowed by the conditions placed on the linearized field equations, and they do appear in string effective actions. Besides considering the linearized equations, the field equations for the total metric g µν are of interest. The inclusion of terms other than the Lovelock invariants leads to differential equations with third-order and higher-order derivatives of g µν . If one wishes to obtain a field equation with at most second-order derivatives of the total metric g µν , then the Lovelock invariants are required.
It remains to establish through a detailed calculation which additional higher-order curvature terms can be removed through further metric redefinitions. For example, it might be possible to adapt the technique used for removal of quadratic terms in h µν [43] to cubic and higher-order terms. If it is feasible to use repeated application of appropriate metric redefinitions to eliminate the higher-order derivatives at O(h n ), n ≥ 3, then the effective action might be written in terms of the Lovelock invariants, leading to a possible truncation of the series expansion. Restriction to the Lovelock invariants leads to consideration of Lagrangians of the type f (L (n) ) in the first-order formalism. Defining G µν (n) to be the variation of √ −g L (n) with respect to g µν [49] , it follows that
and, specifically,
If the degree of the function f is r, then the field equations
are differential equations of degree 2r, but they will consist of factors which contain at most second-order derivatives of the metric. The differential equation (80) can be solved by simultaneously satisfying the following conditions
which both represent second-order differential equations in the metric. More generally, contracting equation (80) gives
where D is the space-time dimension. From (79), it follows that g
and the equation of motion (80) becomes
Gravitational perturbations which are local and not homogeneous, so that the corresponding energy-momentum tensor is not proportional to the metric, have already been shown to be best described by curvature terms such as those considered in §5 and higherderivative curvature terms [14] [15]. Moreover, it has been shown in §6 that the Einstein field equations with cosmological constant can be derived from f(R) theories and other generalizations. Finally, redefinition of the dilaton field in the four-dimensional string effective action is known to change the value of the cosmological constant [50] .
It follows that the matter distributions at both Planck scales and macroscopic scales can be represented adequately by an action which contains the Einstein-Hilbert Lagrangian plus higher-order curvature terms, such as those that arise in the string effective actions, and other matter Lagrangians, ultimately derived from the string theory. The cosmological constant should be regarded as a flexible variable, which can be shifted to zero using symmetry transformations, rather than as a fixed parameter.
The solutions to the resulting field equations will, in general, be represented by phases This mechanism is similar to the irreversible processes in the thermodynamics of manybody systems [53] [54] [55] , which result from reversible processes at the microscopic level.
The relation between microscopic and macroscopic physics has been considered in the context of irreversible kinetic equations [55] and the Onsager repricocity relations [53] .
These techniques in non-equilibrium statistical mechanics have been adapted to general relativity and the cosmological constant problem using the fluctuation-dissipation theorem [56] [57]. Since microscopic fluctuations are accompanied by dissipative processes in macroscopic systems, it has been suggested that dissipative particle creation described by the non-symmetric part of the polarization tensor leads to the diminishing of the effective cosmological constant [56] .
A variant of this approach to macroscopic physics is required in the present model.
Conformal transformations and field redefinitions which leave the S-matrix invariant but
shift Λ in the effective action [57] can be viewed as microscopic reversible transformations
The field equations at macroscopic levels will be modifications of the Einstein field equations. Inhomogeneous localized matter distributions are not relevant for the cosmological constant term, and from the generalized symmetries of the vacuum field equations, it follows that the scale invariance of the Λ = 0 equations leads to an irreversible process mapping regions with cosmological constant Λ i = 0 to regions with Λ = 0. The energy-momentum tensor is compatible with dilations of the the three-dimensional hypersurface metric, specified in cosmological models of the universe with homogeneous matter distributions. Conformal transformations will dilate the regions with Λ = 0 and their existence in the macroscopic order, which is being formed during the cosmological evolution, can be ensured by a fluctuation-enhancement theorem [54] . In this scheme, the order-parameter would define the lack of randomness in the choice of the value of Λ in the effective field equations.
This explanation for the vanishing of the cosmological constant may be contrasted with several recently proposed solutions using higher-dimensional gravity and duality in string theory. It has recently been shown that general relativity with a cosmological constant appears as an effective theory at the four-dimensional boundary of a ChernSimons Lagrangian integrated over five-dimensional manifold. When the gauge group is SO(1,5), the action is
where σ = ±1, L is an arbitrary length parameter, M 4 is four-dimensional manifold with boundary ∂M 3 , e A is vielbein and ω AB is the five-dimensional spin connection [58] . By requiring the variation of the action to be zero at the boundary, and imposing conditions on the components of the vielbein and spin connection normal to the boundary, one obtains the standard four-dimensional gravitational field equations with cosmological constant
where l is another length parameter used in the definition of the normal components of the vielbein and spin connection. The value of Λ can be set to zero, although one may note the special choice of parameters, σ = −1 and l 2 = 3L 2 , the absence of a matter distribution and the derivation of the field equations from a classical action.
It is also of interest to note that Chern-Simons Lagrangians in odd dimensions with gauge group SO(1, 2n − 1) can be decomposed with respect to the group SO(1, 2n − 2)
[59],
so that in 5 dimensions, the sum consists of a cosmological constant term, a Ricci scalar and the quadratic Gauss-Bonnet invariant. From the variations in the first-order formalism in §6, it has been established that the higher-derivative terms introduce another cosmological constant term into the field equations for a particular set of solutions, confirming the expression (87) for Λ as a sum of two different contributions. It also follows from (88)
that if the Lovelock invariants L (0) ,..., L (4) that appear in the 10-dimensional superstring effective action occur in the linear combination
they will describe a Chern-Simons Lagrangian with gauge group SO(1,9).
Target-space duality has been used to relate solutions to three-dimensional string equations of motion described by space-times with Λ = 0 and Λ = 0 [60] [61] . Breaking of a discrete symmetry such as T-duality may lead to a strict partitioning of the moduli space of metrics in the string path integral implying the breaking of conformal invariance, and a mechanism for inducing such symmetry breaking has yet to be developed. S-duality invariance of the field equations derived from a four-dimensional superstring effective action has also been studied [62] [63] . The duality invariance of the field equations when Λ = 0, and non-invariance when Λ = 0, mirrors the conformal invariance of the gravitational field equations discussed earlier. However, since S-duality is a discrete symmetry, again it may not be as useful as conformal invariance in obtaining a proof of the vanishing of the cosmological constant.
Matter fields often give rise to an effective Λ, and fine-tuning of the parameters in a cosmological model is necessary to obtain vanishing Λ [8] . A slight change in the parameters often leads to the re-appearance of the cosmological constant [7] . The path integral approach has been used previously to justify vanishing of Λ, and it is dependent on the choice of action determining the weighting of the metrics and an approximation in the summation over space-time topologies [64] [65]. The Einstein-Hilbert action that is conventionally used in the path integral can be modified by additional curvature terms which appear in the superstring effective action. The higher-derivative terms that typically arise in these effective actions lead to an alternative gravitational description of the perturbations associated with the inclusion of matter fields. It is being suggested here that the symmetries in string theory, especially conformal invariance, provide an additional way of eliminating the cosmological constant at macroscopic scales. They are also likely to be relevant in a complete analysis of the cosmological constant problem at the quantum level, where other techniques have been developed [66] [67] [68] .
The classical version of the cosmological constant problem considered in this paper concerns the fitting of space-time metrics, which solve Λ = 0 field equations, with realistic matter distributions. Within the context of a generalized gravity theory, presumably derived from string theory, a variational argument for the vanishing of Λ has been put forward by applying specific symmetry transformations to the action and field equations and then establishing that there is an irreversible flow to the Λ = 0 sector.
